We generalize the class V k of analytic functions of bounded boundary rotation [8] by allowing critical points in the unit disc U. r_»i-«/o I I / (re ) ) We note that (1.1) implies that / has precisely p -1 critical points in U. 
Proof. By Lemma 1.1, given e > 0 we may choose r 0 < 1 so that if r 0 < r < 1,
ri4+w}i*<»(s+-)'
Since /(s) is analytic for |g| ^ r, it follows by a result due to Umezawa [17] that/ is at most max [p, {pk/2 -1}] valent in \z\ ^ r. The result follows by letting r -» 1.
iVtf/e. This was proved by Brannan [1] in the case p = 1. Our next goal is to obtain representation formulas for V k (p) . We will need to use the functions (1.3) *(*,*,) = (g -s,) (1 -g>) which have been employed by Hummel [6] and others. there is an ro < 1 such that if ro < r < 1, then r|R.{i + 23c6^}L Si f |R.{I Jo I l g (re ) ) I «/o I I Consequently hm sup I Rei H ?, \ e . J ( r-»i-•/ o I l g (re ) ) Since 6 > 0 is arbitrary and g has precisely p -1 critical points, g (g) £V k (p). THEOREM I dfi(t) = 2pand I \dn(t)\ ^ pk
Let f(z)
and a constant A such that
(ii) //^ere is a function h(z) G I Proof. An application of Plessner's Theorem [3, p. 38 ] to the function g(z) related to/(z) as in Lemma 1.4 yields (1.4), and (1.6) follows by decomposing ix{t) into the difference of two increasing functions.
The following distortion theorem is an easy consequence of Theorem 1.5 and thus we omit the proof. Hummel [6] has similar results for the class S(p). The result now follows by combining (1.7) and (1.8).
The following corollary is immediate.
) and this result is sharp.
Coefficient Bounds for V K (p).
Goodman [4] has conjectured that if f(z) = 2n=i a, n z n is at most ^-valent in U, then ior n ^ p + 1,
The conjecture (2.1) has been verified for certain subclasses of ^-valent functions. Uf(z) belongs to the class K(p) of ^-valent close-to-convex functions defined by Livingston [9] , then (2.1) is known for n = p + 1 with no restriction on ai, . . . a v [9] and for n ^ p + 1, provided a± = . . 
^i[(^r->]
We will first consider functions f(z) 6 F*(/>) with all critical points at the origin. 
Comparing coefficients we have
and the result follows from the estimates for |& 2 |, \bz\, and \b±\ after a short calculation.
We remark that if k = 2, we get the known results of Goodman [4] for ^-valent convex functions; namely,
We omit the proof of the next lemma whose proof is similar to [7 
Proof. If dp-i = 0, this reduces to Theorem 2.1 and our result is sharp in this case. We then assume that <v_i ^ 0 and hence that f(z) has a non-zero critical point z 0 , since each function in V k (p) has precisely p -1 critical points. Thus there is a function
We may assume without loss of generality that b\ = We note that if k = 2 + 2/p, Theorem 2.3 yields the result
which is certainly not sharp since (2.1) is known to be sharp for />-valently close-to-convex functions with n = p + 1. In order to obtain a sharp coefficient bound we restrict our attention to function f{z) -a p -\z v~l + . . . G V k (p) with real coefficients. The following lemma will be needed. ].
Since z 0 and the a n are real, the c n and hence the b n are real. By Lemma 2.4, since the b n are real, We note that if & = 2 + 2/£, Theorem 2.5 reduces to a special case of the Goodman conjecture, which is known to be sharp, if correct. 2 . We may assume without loss of generality that 0 O = 0. Choose a sequence r n ->l and a point z re on |s| = r n with lim(l-r B ) iî)tt+2) |/'fe)|>0.
Asymptotic coefficient estimates for
We will show that the points z n eventually lie interior to a fixed stoltz angle with vertex at z = It follows that for any sequence z n such that
n->oo ra->oo and the result follows.
We note that n *(*,«,).
where a is the constant of Theorem 3.1.
Proof. The proof in the case a > 0 follows by using the major-minor arc technique of Hayman [5, Theorem 5.7] as modified by Noonan [12] .
Let us now consider the case a = 0. Given e > 0, we may choose r 0 < 1 so that if ro < r < 1, / has no critical points and
We may assume p ^ 2 since the result is known for £ = 1. An argument similar to that in [2] shows that We note that (4.1) implies that for p < r < 1, the argument of the vector tangent to/(|z| = r) decreases by 2pir as 6 increases from 0 to 2ir (z = re ie ) and hence the curve f(\z\ = r) has at least p loops. Proof. We will show the inequalities hold in \z\ < r, where r is chosen so that (4.1) holds. From (4.1) and the argument principle we obtain
and hence/' (z) has at least p + l poles. Following Umezawa [16] , we note that N(w,f) is constant until w arrives at a value assumed by/'(z) on |s| = r and the jump of N(w,f) at such a value must be an integer. Now We note that if k < 2 + 2/£, then for f sufficiently near 1, 2T JO I I / (re ) ) I and hence f(z) belongs to the class K*(p) of meromorphic close-to-convex functions of order p defined by Livingston [10] .
The following result is similar to Theorem 1.5 and its proof will be omitted. We note that Theorem 4.4 gives distortion theorems analogous to Theorems 1.6 and 1.7, but we do not state them here. 
